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Let c be the set of all convergent sequences with the sup norm and X a strictly convex
Banach space. Let Q be the natural projection from (c⊕ X)∞ to X and let T be an isometric
shift on (c ⊕ X)∞. We prove the following:
(1) The restriction of Q ◦ T to X is a surjective isometry.
(2) T maps c into c and the restriction of T to c is an isometric shift.
We also show that the space (c ⊕ 1)∞ admits an isometric shift.
© 2011 Elsevier Inc. All rights reserved.
Let X be a real or complex Banach space. An operator T on X is said to be an isometric shift (or simple a shift) if it
satisﬁes the following conditions:
(1) T is an isometry.
(2) T has codimension 1.
(3)
⋂∞
n=1 Tn(X) = {0}.
Such operators have been studied in [1–5,7,8]. In [1,7,8], Araujo, Moshokoa, Rajagopalan and Sundaresan considered the
shift on the product space (X ⊕ Y )∞ . They have proved the following results:
(1) There exist two compact Hausdorff spaces K1 and K2 such that both of C(K1) and C(K2) admit at least one shift; but
no shift exists on (C(K1) ⊕ C(K2))∞ [8].
(2) For any 1< p, q < ∞ and p = q, no shift exists on (p ⊕ q)∞ [8].
(3) If E is a Banach space with a 1-unconditional basis over complex numbers, then (c ⊕ E)∞ (respectively, (c0 ⊕ E)∞)
admits a shift ([7]; also see Example 7 below).
(4) (c ⊕ L∞[0,1])∞ admits a shift [1].
It is natural to ask the following questions:
Question 1. Let X , Y be two inﬁnite dimensional Banach spaces. Suppose that (X ⊕ Y )∞ admits a shift. Does either X or Y admit a
shift?
Question 2. Let X, Y be two inﬁnite dimensional Banach spaces. Suppose that (X ⊕ Y )∞ has a shift. Find a suﬃcient condition so that
X is isometrically isometric to Y and X admits a shift.
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P.-K. Lin / J. Math. Anal. Appl. 384 (2011) 198–203 199Question 3. (See [7].) Does the space (c ⊕ c0)∞ (respectively, (c ⊕ p)∞ , 1< p < ∞) admit a shift in the real case?
This article is divided into three parts:
(1) We consider that both X, Y are strictly convex. We prove that if (X ⊕ Y )∞ admits a shift, then X is isometrically
isomorphic to Y and X admits a shift.
(2) We consider the structure of examples in [1,7] and give a suﬃcient condition that the space (c ⊕ X)∞ admits a shift.
Using this result, we show that the real and complex (c ⊕ 1)∞ admits a shift.
(3) Suppose that X is a strictly convex Banach space. Let Q be the natural projection from (c ⊕ X)∞ to X . We prove that
if T is a shift on (c ⊕ X)∞ , then the restriction of Q ◦ T to X is a surjective isometry and the restriction of T to c is a
shift on c.
Lemma 4. Let X, Y be two strictly convex Banach spaces. Let T be an into isometry from (X⊕Y )∞ to (X⊕Y )∞ . Then either T (X) ⊆ Y
or T (X) ⊆ X.
Proof. Suppose the lemma is not true. Then either there is x ∈ X such that T (x) = (x1, y1) with x1 = 0 and y1 = 0, or there
are u1,u2 ∈ X such that T (u1) ∈ X \ {0} and T (u2) ∈ Y \ {0}. In the latter case, let x = u1 + u2. Then T (x) = (x1, y1) with
x1 = 0 and y1 = 0. We have proved that if the lemma is not true, then there is x ∈ X such that T (x) = (x1, y1) with x1 = 0
and y1 = 0.
Without loss of generality, we assume that ‖x1‖X  ‖y1‖Y . Since T is an into isometry, we have ‖x‖ = ‖x1‖X . Let y be
any nonzero vector in Y and let T (y) = (x2, y2) (so either x2 = 0 or y2 = 0).
Case 1. ‖y‖Y = ‖x2‖X  ‖y2‖Y . Replacing y by αy for some small positive α, we may assume that ‖y‖Y  ‖x‖X . Then
for any θ with |θ | = 1,
‖x1‖X = ‖x‖X =
∥∥(x, θ y)∥∥X⊕Y = ∥∥T (x, θ y)∥∥X⊕Y  ‖x1 + θx2‖X .
This is impossible since X is strictly convex, x1 = 0, and x2 = 0.
Case 2. ‖y‖Y = ‖y2‖Y  ‖x2‖X . Replacing x by αx for some small positive α, we may assume that ‖x‖X  ‖y‖Y . Then
for any θ with |θ | = 1,
‖y2‖Y = ‖y‖Y =
∥∥(x, θ y)∥∥X⊕Y = ∥∥T (x, θ y)∥∥X⊕Y  ‖y1 + θ y2‖Y .
This is impossible since Y is strictly convex, y1 = 0, and y2 = 0. The proof is complete. 
Theorem 5. Let X and Y be two strictly convex Banach spaces. If (X ⊕ Y )∞ admits a shift, then X is isometrically isomorphic to Y and
X admits a shift.
Proof. Suppose that (X ⊕ Y )∞ admits a shift T . By Lemma 4, either T (X) ⊆ X or T (X) ⊆ Y .
Case 1. T (X) ⊆ X . Then T (Y ) ⊆ Y . Since T has codimension 1, one of T |X , T |Y must be surjective and the other one must
have codimension 1. Say T (X) = X . Then X ⊆⋂∞n=1 Tn(X ⊕ Y ). So T is not a shift on (X ⊕ Y )∞ .
Case 2. T (X) ⊆ Y . Then T (Y ) ⊆ X . Since T has codimension 1, either T |X is an onto isometry from X to Y or T |Y is an
onto isometry from Y to X . This implies that X is isometrically isomorphic to Y . It is easy to see that T 2|X is a shift on X .
The proof is complete. 
Let {en: n ∈ N} denote the natural basis of c0 ⊂ c. For any element (an) in c, the support of (an) is the set
supp
(
(an)
)= {k: ak = 0}.
Let X be any Banach space, S a surjective isometry on X , and x∗ an element of the unit ball of X∗. T S,x∗ is the (into)
isometry from (c ⊕ X)∞ to (c ⊕ X)∞ deﬁned by
T S,x∗
(
(an), x
)= ((bn), S(x)),
where
bn =
{
x∗(x) if n = 1,
an−1 if n > 1.
It is easy to see that T S,x∗ is codimension one and T S,x∗ (c0 ⊕ X) ⊆ c0 ⊕ X .
Theorem 6. Let X be a Banach space, S a surjective isometry from X to X, and x∗ an element of the unit ball of X∗ . Then T S,x∗ is
a shift on (c ⊕ X)∞ (respectively, (c0 ⊕ X)∞) if and only if for any x ∈ X, existence of the limit limn→∞ x∗(S−n(x)) (respectively,
limn→∞ x∗(S−n(x)) = 0) implies x = 0.
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implies x = 0. The other proof is similar and we leave it to the reader.
Suppose that for any x ∈ X , existence of the limit limn→∞ x∗(S−n(x)) implies x = 0. Let ((an), x) be an element in⋂∞
n=1 TnS,x∗ (c ⊕ X). Since ((an), x) ∈ TnS,x∗ (c ⊕ X),
an = x∗
(
S−n(x)
)
.
Note that (an) ∈ c. limn→∞ x∗(S−n(x)) exists. By our assumption, we must have x = 0 and an = x∗(S−n(0)) = 0 for all n ∈ N.
Conversely, assume that there is a nonzero vector x ∈ X such that
lim
n→∞ x
∗(S−n(x)) exists.
For any n,k ∈ N, let ank = x∗(S−n−k(x)). Then
TnS,x∗
((
an+1k
)∞
k=1, S
−nx
)= ((a1k), x).
This implies that ((a1k ), x) ∈
⋂∞
n=1 TnS,x∗ (c ⊕ X). The proof is complete. 
Example 7. (See [7, Theorem 2.1].) Let X be a complex Banach space with a 1-unconditional basis. Consider the vector space
R over Q. Let (dn) be a sequence in (0,1) that is linearly independent over Q. For each n, let zn = e2πdni . Since X has a
1-unconditional basis, we can consider X is a sequence space. Let S : X → X be the isometry deﬁned by
S
(
(bn)
)= (znbn),
and x∗ ∈ X∗ deﬁned by
x∗
(
(bn)
)= ∞∑
n=1
bn
2n
.
Clearly, ‖x∗‖  1. It is known that for any k ∈ N, {(znj ) jk: n ∈ N} is dense in Tk [9, Proposition III.1.4]. For any N and a
ﬁnite sequence (b1,b2, . . . ,bk), there are m1,m2  N such that

(
k∑
n=1
2−nzm1n bn
)
−1
2
k∑
n=1
2−n|bn| 1
2
k∑
n=1
2−n|bn|
(
k∑
n=1
2−nzm2n bn
)
.
This implies that if limn→∞ x∗(S−n(x)) exists, then x = 0. By Theorem 6, T S,x∗ is a shift on (c ⊕ X)∞ .
Example 8. Let X = 1(Z) and S be the isometry on X deﬁned by
S
(
(an)
)= (bn)
where bn = an−1. Since the unit ball of any ﬁnite dimensional Banach space is compact, there is a sequence A = {zk: k ∈ N}
such that zk ∈ n∞ for some n, and for any n and any w in the unit ball of n∞ , there is k such that ‖zk − w‖∞ < 15 . Let
(dn) be an element in ∞(Z) deﬁned by induction as follows. First, dn = 0 if n  0. Suppose that z1 = (a1,a2, . . . ,a j). Let
d−i = ai for 1  i  j. Suppose we have done step k. Let N be the smallest index such that dn is deﬁned. Suppose that
zk+1 = (b1,b2, . . . ,b j′ ). Let dN−i = bi for 1  i  j′. Finally, set x∗ = (dn). It is easy to see that ‖x∗‖∞  1, and for any
x ∈ 1(Z) and any N , there are N1,N2 such that N1 > N , N2 > N and
(x∗(SN1(x)))−‖x‖1
2
 ‖x‖1
2
(x∗(SN2(x))).
This implies that if x ∈ 1 and if the limit limn→∞ x∗(S−n(x)) exists, then x = 0. By Theorem 6, (c ⊕ 1)∞ (respectively,
(c0 ⊕ 1)∞) admits a shift.
Example 9. (See [1, Theorem 3.1].) Let X be a rearrangement invariant space on T (for deﬁnition see p. 118 [6]). Let α be
any irrational number in (0,1), S the isometry from X to X deﬁned(
T ( f )
)
(s) = − f (sei2πα),
and x∗ be the linear functional on X deﬁned by
x∗( f ) =
α∫
f
(
ei2πt
)
dt.0
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an = (−1)n
α∫
0
f
(
ei2πt−ni2πα
)
dt.
Since α is irrational, the set {ei4nπα: n ∈ N} is dense in T . For any γ1, γ2 in T, there exist two increasing sequences (nk)
and (mk) in 2N and 2N + 1, respectively, such that
lim
k→∞
e−i2πnkα = γ1 and lim
k→∞
e−i2πmkα = γ2.
Note that (an) ∈ c.
α∫
0
f
(
γ1e
i2πt)dt = lim
k→∞
α∫
0
f
(
ei2πt−nki2πα
)
dt
= − lim
k→∞
α∫
0
f
(
ei2πt−mki2πα
)
dt
= −
α∫
0
f
(
γ2e
i2πt)dt.
Let γ1 = γ2 = 1. We have
α∫
0
f
(
ei2πt
)
dt = −
α∫
0
f
(
ei2πt
)
dt.
We have shown that
∫ α
0 f (e
i2πt)dt = 0.
Let (nk) be an increasing sequence in N such that
lim
k→∞
e−i2πnkα = 1.
For each k, let βk be any natural number such that |β − nkα| 12 . We claim that
∫ 1
0 f (e
i2πt)dt = 0. Suppose not. Replacing
f by γ f for some |γ | = 1, we may assume that ∫ 10 f (ei2πt)dt > 0. Then
∞ = lim
k→∞
βk
1∫
0
f
(
ei2πt
)
dt = lim
k→∞
αnk∫
0
f
(
ei2πt
)
dt = 0.
This is impossible. We have proved our claim.
For any γ = e2πri ∈ T, there is an increasing sequence nk in N such that
lim
k→∞
e−i2πnkα = γ .
Then
r∫
0
f
(
e−i2πt
)
dt = lim
k→∞
nkα∫
0
f
(
e−i2πt
)
dt = 0.
This implies that f is the zero function. By Theorem 6, T S,x∗ is a shift on (c ⊕ X)∞ .
Remark 10. Let S and S∗ be the forward and backward shifts on c0 deﬁned by
S
(
(an)
)= (0,a1,a2,a3, . . .) and S∗((an))= (a2,a3,a4, . . .).
Let x∗ be any element of the dual of c0. Let T S,x∗ be the operator on c0 deﬁned by
T S,x∗
(
(an)
)= (x∗((an)),a1,a2,a3, . . .).
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(an) be an element in
⋂∞
i=1 T iS,x∗ (c0). Since (an) ∈ T kS,x∗ (c0),
ak = x∗
((
S∗
)k(
(an)
))
.
This implies that for any k, |ak| ‖x∗‖ · ‖(ak)‖∞. So ‖(ak)‖∞  ‖x∗‖ · ‖(ak)‖∞ . This inequity holds if and only if ‖(ak)‖∞ = 0.
We have proved our claim.
Lemma 11. Let X be an inﬁnite dimensional, strictly convex Banach space and let Q be the natural projection from (c ⊕ X)∞ to X.
Suppose that T is a codimension one isometry on (c ⊕ X)∞ . Then
(1) T (c) ⊆ c.
(2) Q ◦ T |X is an isometry.
(3) Let D be the set{
k ∈ N: there is x ∈ X such that k ∈ supp((I − Q )(T (x)))}.
Then D contains at most one element.
(4) For any k ∈ N, D ∪ supp(T (ek)) has at most two elements.
Proof. Since X is an inﬁnite dimensional Banach space, there is nonzero x ∈ X such that if T (x) = (y1, x1), then y1 ∈ c0.
We claim that ‖x‖X = ‖x1‖X . Suppose that the claim has been proved. Fix y ∈ c with ‖y‖c  ‖x‖X , and let (y2, x2) = T (y).
Then for any θ with |θ | = 1,
‖x1‖X = ‖x‖X =
∥∥(θ y, x)∥∥c⊕X = ∥∥T (θ y, x)∥∥c⊕X  ‖θx2 + x1‖.
Since X is strictly convex, x2 = 0. Thus if the claim is true, then (1) is true.
Suppose that the claim is not true. Let  = ‖x‖X − ‖x1‖X > 0, y1 = (an), and
A =
{
k: |ak| ‖y1‖X − 2
}
.
Since y1 ∈ c0 and ‖y1‖X − 2 > 0, A is a ﬁnite set. So there is a nonzero element z ∈ X such that if T (z) = ((bn), x3) and if
k ∈ A, then bk = 0. Replacing z by αz, we may assume ‖z‖X  2 . Then for any θ with |θ | = 1,
‖x+ θ z‖X =
∥∥T (x+ θ z)∥∥c⊕X
max
{|bn|: n ∈ A}∨max
{
|bn| + 
2
: n /∈ A
}
∨ (‖x1‖X + ‖z‖X ) ‖x‖X . (1)
This contradicts to the facts that X is strictly convex, and x, z are nonzero. We have proved (1).
We claim that for any x ∈ X , if T (x) = (y1, x1), then y1 ∈ c0. Suppose that there is x ∈ X such that T (x) = ((an), x1) such
that limn→∞ an = 0. Let
A = {k: ak = 0}.
Then A is a ﬁnite set. Since T (c) ⊆ c and c is an inﬁnite dimensional Banach space, there is y ∈ c \ {0} such that if
T (y) = ((bn),0), then bk = 0 for all k ∈ A. Replacing y by some αy, we may assume that ‖y‖c  ‖x‖X .
Suppose that ‖y‖c = |bk| for some k /∈ A. Then for any |θ | = 1,
‖y‖c =
∥∥(y, θx)∥∥c⊕X = ∥∥T (y, θx)∥∥c⊕X
 |bk + θak|.
This is impossible since ‖y‖c = |bk|, ak = 0, and both R and C are strictly convex.
The proof of other case (‖y‖c = limk→∞ |bk|) is similar. (Note that limk→∞ ak = 0.) We leave the proof to the reader. We
have proved that if x ∈ X and if T (x) = (y1, x1), then ‖x‖X = ‖x1‖X , i.e., Q ◦ T |X is an isometry. Let (y, x) be any element
in (c ⊕ X)∞ , then
Q ◦ T ((y, x))= Q ◦ T ((y,0))+ Q ◦ T ((0, x))= Q ◦ T ((0, x)).
Thus T (y, x) ∈ c if and only if x = 0.
For any y = (an) ∈ c, let m(y) = {k: |ak| = ‖y‖c}. The above proof shows that for any y ∈ c, if k /∈ supp(y), then(
D ∪ supp(T (ek)))∩m(T (y))= ∅.
Suppose that D contains at least two elements, say 1 and 2. Then for any two scalars α,β , αe1 + βe2 cannot be in the
range of T (c ⊕ X) unless α = 0 and β = 0. Then T is not codimension 1. We get a contradiction.
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supp
(
T (y1)
)∪ supp(T (y2))⊆ D ∪ supp(T (ek)).
Let α,β be two scalars such that either α = 0 or β = 0, and k /∈ supp(αy1 + β y2). But supp(T (αy1 + β y2)) ⊆
D ∪ supp, (T (ek)). We must have αy1 + β y2 = 0. Since T is codimension 1, D ∪ supp(T (ek)) has at most two elements.
The proof is complete. 
Theorem 12. Let X be a strictly convex Banach space. Let Q denote the natural projection from (c ⊕ X)∞ to X. If T is a shift on
(c ⊕ X)∞ , then Q ◦ T |X is a surjective isometry and T |c is a shift on c.
Proof. Case 1. T (X) ⊆ X . Since T (c) ⊆ c and T has codimension one, either T (c) = c or T (X) = X . Then T cannot be a shift.
Case 2. T (X)  X . Let D be the set deﬁned in the above lemma. Then D is nonempty and T (c) = c. So Q ◦ T |X must be
a surjective isometry and T |c must have codimension one. So T |c is a shift. 
Remark 13. Let 1< p < ∞. We do not known whether there exist a surjective isometry on the real p and a linear functional
x∗ ∈ (p)∗ such that for any x ∈ p , limn→∞ x∗(S−n(x)) exists implies x = 0. So Question 3 is still open.
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